An exact solution and an approximate solution have been derived for the columnar dendrite model proposed by Ohnaka,8~ in which a solidification rate, equilibrium distribution coefficient and diffusion coefficient in solid are assumed to be constant throughout the solidification. By comparing with the exact solution, it has been shown that the approximate solution has good accuracy. Further the model is extended on the basis of the derived approximate solution by incorporating a thermal model of solidification. The extended model includes multi-component alloy accompanying phase transformation in solid and temperature dependence of diffusion coefficients, and excludes the assumption of a given solidification rate. The calculated results of the extended columnar dendrite model agreed well both with the available experimental data and the calculated results of the extended planar dendrite model proposed previously. The assumption of the solidification geometry is unimportant for quantifying the microsegregation effects.
Introduction
In order to quantify the effects of back diffusion (diffusion of solute into solid phase) on solute redistribution during solidification, morphology of dendritic solidification has been usually approximated by a simple shape. Brody and Flemings1~ have proposed a model of dendritic solidification in which a planar geometry, complete diffusuion in liquid, incomplete back diffusion, and constant or parabolic solidification rates are assumed. The nature of the model for parabolic solidification rates has been fairly clarified through derivation of an exact solution2,3> and several kinds of approximate solution4-6) of the model. Further the model has been extended and incorportation of thermal conditions during solidification into the model has became possible.7~ On the other hand, Ohnaka8~ has analyzed a columnar dendrite model and derived an approximate solution of the model. The geometry assumed in the Ohnaka model is essentially cylindrical because one dimensional solute distribution was assumed in his analysis.
In order to make clear the difference between the two geometries an exact solution and an approximate solution of the Ohnaka model are derived in this paper; and the model is extended in the similar manner to the extension of the Brody-Flemings model. 7? Results of the extended model are compared with experimental data.
II. Model and Mathematical Formulation
The geometries assumed are shown in Fig. 1 . In the figure, the soldification proceeds towards y-direction and ends when the position on the solid-liquid interface Y arrives at the position y = L. The length L and the position y=0 correspond to one half of the dendrite spacing, A/2, and to the dendrite spine respectively. Assumptions of the model are as follows.
(1) Solute transport in the solid phase is by volume diffusion with a constant diffusion coefficient D; and it is dependent on only y-coordinate. Therefore the following equation of diffusion in the cylindrical coordinates is used. columnar model for a constant solidification rate.
Iv. Extension of the Model
When thermal conditions during solidification are given, the solidification rate is not always constant.
Further the diffusion coefficient and the equilibrium partition ratio are not always constant throughout the solidification.
Phase transformation such as transformation may take place. However, the local solidification rate, dfs/dt, the diffusion coefficient and the equilibrium partition ratio may be regarded as constant during a small time interval 4t. Thus Eqs. (9), (11) and (12) 24) where, G, n : the concentration of element j in the liquid phase at t = to k; : the equilibrium partition ratio of element j dependent on the metallurgical phase of solid at t = tn. The parameters I'~, ~; and ear) are peculiar to the time interval between to and to+1 (tn S t < to+1), and defined as follows. where, R : the gas constant T: the absolute temperature of the volume element considered. The diffusion coefficient D; and the equilibrium partition ratio k; are assumed to be constant during the time interval between times to and to+1, and determined from the temperature T and the metallurgical phase of solid at t = tn. The parameters I'3, ~;, j; and T i are also assumed to be constant during the time interval between times of to and t1, and may be changed from time interval to time interval. The parameters eand P;''' (r = 0 or 1) are calculated from the parameters 13i and k1, which are peculiar to the time interval between times t,, and to+1. Therefore °' and P;°' denotes the values at t=t n+0, and and Pdenotes the values at t=to+1-0. The local equilibrium is assumed at the solidliquid interface, thus the liquidus temperature of the volume element at (n+ 1)-th time step can be uniquely determined by the alloy composition The solidification rate or J ,n+1 is determined by iterative calculation so that the temperatures determined by the thermal conditions and by the alloy composition coincide with each other. The details and the computational method of the extended model are the same as those of the extended planar solidification model which are presented in a previous paper.7Ṽ
. Comparison of the Extended Model with Experimental Data Figure 4 compares calculated phosphorus contents in liquid phase with the experimental data by Matsumiya et a1.,9~ which were obtained from the steel specimens unidirectionaly solidified and quenched. The compositions of the specimens are shown in Table. 1. The measured cooling rate of the specimens was 2.7°C/min for a, and 15°C/min down to 1 480°C and 26.5°C/mm n thereafter for b. The solidified structure was cellular dendritic and the arm spacing was 360 }gym for each case; secondary dendrite arms with a spacing of approximately 100 tm developed for b. In calculation all the elements shown in Table 1 were taken into account.
Thermophysical data adopted are shown in Table 2 . For b, calculation was executed for the dendrite arm spacing of 100 µm which gave the best fitted results with the experimental data in the calculation for the planar solidification model.7~ In Fig. 4 , the results of the planar model are also plotted. The calculated results of the two models agreed well with the experimental data for both a and b. Figure 6 compares the calculated characteristic temperatures with the results of a series of thermal analyses by Kobayashi et al.10} The experimental data were obtained from the cooling curves of steel specimens solidified in a furnace cooled with a constant rate of 0.5 K/ s. The compositions of the specimens are shown in Table. 3. The average secondary arm spacing was 360 µm. Heat transfer between the specimen and the furnace was modeled by the following T: the temperature of specimen T : time constant determined experimentally (=58 s), p : the density of specimen 4H: the heat of fusion per mass. All the calculated results from the columnar dendrite model agreed well with the experimental data and those of the planar model. For the starting temperatures of solidification and o/' transformation, in particular, the difference between the two models can not be distinguished in Fig, 6 .
VI. Discussion
The difference between the results of two models of the planar geometry and the columnar geometry is very slight, when the thermal conditions are incorporated into the models; and the calculated solidification rates are almost identical between two models as shown in Fig. 5 of the solidification, and the film-like geometries are assumed in both models : planar and columnar. In the present paper, an exact solution of the columnar dendrite model proposed by Ohnaka8~ has been derived on the assumption that the solidification rate, equilibrium distribution coefficient and diffusion coefficient in solid are constant throughout the solidification. However, in the extended model which includes a thermal model of solidification, o/1 transformation and the temperature dependence of diffusion coefficients, solute redistribution during solidification is calculated on the basis of the derived approximate solution, because the application of the exact solution to the extended model is too complex for calculation. The derived approximate solution (Eq. (21)) of the Ohnaka model has sufficiently good accuracy as described in Chap. III. It is expected that the approximate solution used in the extended model (Eq. (23)) has also good accuracy on the assumption of single phase in solid, because the essential difference between Eqs. (21) and (23) is only in the initial conditions.
When ohr transformation takes place, the assumption of single phase in solid may be inadequate; the results of the present extended model will include some errors. However, the available data do not reveal significant errors of the model, because the effects of back diffusion on solute segregation is small and the solidification rate is mainly governed by the metallurgical phase in solid next to the liquid-solid interface, as discussed in the previous paper.7~ More rigorous treatment of o/1 transformation is a subject for further research.
VII, Conclusions
In order to clarify the effects of the assumed geometry of the dendritic solidification on the calculation results of microsegregation, an exact solution and an approximate solution of the columnar dendrite model proposed by Ohnaka8~ have been derived. In the model, the solidification rate, equilibrium distribution coefficient and diffusion coefficient in solid are assumed to be constant throughout the solidification and a binary alloy without phase transformation in solid is treated. It has been shown that the derived approximate solution has good accuracy.
Further the model has been extended, and a thermal model of solidification has been incorporated into the derived approximate solution. The extended model includes multi-component alloys accompanying o/ r transformation and the temperature dependence of diffusion coefficients in solid, and excluded the assumption of a given solidification rate.
By comparing the results of the extended columnar dendrite model with experimental data and with the results of the extended planar dendrite model previously proposed,7~ it has been shown that both of assumed geometries yield consistent results, which agree well with the experimental data. The assumed geometry is unimportant for quantifying the microsegregation effects when the thermal conditions are incorporated into the model. 
